Extra dimensions (ED) have been used as attempts to explain several phenomena in particle physics over the years. In this paper we investigate the role of an abelian gauge field as mediator of the interaction between dark matter (DM) and Standard Model (SM) particles, in a model with two flat and transverse ED compactified on the chiral square. DM is confined in a thin brane, localized at the origin of the chiral square, while the SM is localized in a finite width brane, lying in the opposite corner of the square. A brane-localized kinetic term is present in the DM brane, while in the fat brane it is not allowed. In this model the kinetic mixing is not required because we assume that the SM particles couple to the mediator through their B − L charges, while DM couples to it via a dark charge. Assuming a complex scalar field as DM candidate it is possible to obtain the observed DM relic abundance, if the 4-D (dark) gauge coupling is ∼ 10 −2 . Finally, current constraints due to direct DM detection are easily satisfied for a wide range of parameters.
Introduction
Weakly Interacting Massive Particles (WIMPs) have been the most well-known dark matter (DM) candidates [1] for decades, but the absence of any trace encourage us to look for different scenarios, both experimentally and theoretically. One promising way to chase DM would be if it interacts with the Standard Model (SM) particles through a new mediator. A relatively recent and very explored idea is the possible interaction between DM and SM via a new dark U(1) D gauge field, arising in turn from a kinetic mixing term between this new vector mediator (called dark photon, DP) and the hypercharge U(1) Y field [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . a ricardo.landim@tum.de Among other theoretical alternatives, extra dimensions (ED) have been considered over the decades as tools to address a wide range of issues in particle physics, such as the hierarchy [17] [18] [19] [20] [21] [22] [23] [24] and flavor problems [25] [26] [27] . Models employing two ED, for example, may provide explanations for proton stability [28] , origin of electroweak symmetry breaking [29] [30] [31] [32] , breaking of grand unified gauge groups [33] [34] [35] [36] and the number of fermion generations [37] [38] [39] [40] [41] [42] . Many extensions of the SM appear by employing ED as well; indeed even the SM itself can be embedded in ED, whose fields propagate in the compact ED. In 4-D, the zero mode of each Kaluza-Klein (KK) tower of states is identified with the correspondent SM particle. These so-called Universal Extra Dimension (UED) models were build either with one [43] or two ED [44] [45] [46] [47] , for example, and current results from LHC [48, 49] impose bounds on the UED compactification radius L for one (L −1 > 1.4 − 1.5 TeV) [50] [51] [52] (for Λ L ∼ 5 − 35, where Λ is the cutoff scale) or two ED (L −1 > 900 GeV) [53] . In the context of ED, the DP model was embedded in a flat, single ED, along with DM candidates [54, 55] .
Much of the parameter space for the kinetic-mixing term has been excluded by several experiments and observations [11, . Its expected small value may be explained if one considers a single, flat ED and a thick brane [81] , where the presence of a brane-localized-kinetic term (BLKT) spread inside the fat brane increase the suppression mechanism. BLKT appears as loop corrections associated with localized matter fields, giving rise to a massless spin-2 field [82] or massless spin-1 field [83] . The same mechanism also works for two ED [84] [85] [86] , where the induced kinetic term is effectively 4-D, meaning that any expected extra scalar field, arising from the compactification of the ED has no contribution in 4-D. Thus for the graviton, for instance, the induced term on the brane describes a 4-D tensor gravity, rather than a 4-D tensor-scalar gravity. The role of BLKT has been investigated in several different scenarios [54, 55, [87] [88] [89] [90] [91] [92] , while arXiv:1911.00341v3 [hep-ph] 11 Nov 2019 the localization of matter or gauge fields in branes has been studied in other contexts, for thin [20, [93] [94] [95] [96] [97] [98] [99] [100] and thick branes [101, 102] .
In a recent paper [103] , a model similar to the one presented in [81] was explored in 6-D, however it was shown that it is not possible to have a BLKT inside the fat brane, since the wave-functions do not satisfy the boundary conditions (BC) all along the boundary. Although it is expected to have BLKT in both thin and thick branes, one may investigate the case where the BLKT inside the fat brane is very small and can be neglected. This is the aim of this paper, where we show that it is possible to have a vector field in the bulk, which mediates the interaction between the SM particles localized in the fat brane and a DM candidate confined in a thin brane, without employing a kinetic-mixing term. The coupling with the SM, although not as suppressed as in [81] , has a similar behavior. In this framework we can obtain the observed DM relic abundance for a wide range of parameter choices, while the constraints due to direct DM detection are easily satisfied.
This paper is organized as follows. In Sect. 2 we present vector mediate, a 6-D gauge field with BLKT on the chiral square. In Sect. 3 we analyze the resulting couplings with the SM and DM through the vector mediator. We examine the constraints on the SM interactions with the DM particle from both direct and indirect observations in Sect, 4, while Sect. 5 is reserved for conclusions.
Vector mediator in the bulk
We will consider two flat and transverse ED (x 4 and x 5 ) compactified on the chiral square. The chiral square is chosen in the UED model with two ED because it is the simplest compactification that leads to chiral quarks and leptons in 4-D [44] . The square has size πR and the adjacent sides are identified (0, y) ∼ (y, 0) and (πR, y) ∼ (y, πR), with y ∈ [0, πR], which means the Lagrangians at those points have the same values for any field configuration: L (x µ , 0, y) = L (x µ , y, 0) and L (x µ , πR, y) = L (x µ , y, πR). A thin brane is localized at the origin (0, 0), where the DM candidate is confined, and the SM is contained within a fat brane, lying between (πr, πr) and (πR, πR), with a width π(R − r) ≡ πL, such that we assume L R.
There is one abelian gauge field V A , A = 0−3, 4, 5 in the bulk, interacting both with DM and SM. Since we are not assuming kinetic mixing, the vector field couples with DM and SM through the covariant derivative, which contains a term proportional to ∼ g 6D (B − L + Q D ), where g 6D is the 6-D dark gauge coupling. SM particles have B − L = 0 and Q D = 0, while DM has B − L = 0 by assumption and, without loss of generality, Q D = 1. We will use one of the four anomaly-free symmetries which do not need any additional SM fermion fields (beyond right-handed neutrinos, i.e., the difference between baryon and lepton numbers (U B−L ) and the three differences between the lepton numbers (U L µ −L e , U L e −L τ and U L µ −L τ [104] [105] [106] [107] ), under which only baryons and/or leptons are charged. This is done in order to avoid dangerous couplings with the Higgs or gauge bosons, which in turn would spoil some of the well constrained electroweak predictions [52] , such as the Z boson mass.
The action is similar to the one of UED model with two ED [44, 45] , given by
where A is the 6-D index and the gauge fixing term has the following form to cancel the mixing between V 4 and V 5 with
where we will work in the Feynman gauge. We will consider BLKT at the point (0, 0), where is localized the thin brane. Any BLKT on the fat brane should be very small [103] and will be neglected. Notice that KK parity is not preserved, although usually one invokes this Z 2 KK symmetry in UED models in order for the lowest KK state to stable and to be the DM candidate, which is not needed in our case.
The BLKT at (0, 0) contributes with a term [82, 85] 
where δ A is positive constant. Expanding the components of the 6-D gauge field in KK towers of states
leads to the solutions of the equations of motion for v
where j and k are integers. The physical masses of these scalar fields are (M ( j,k) 4,5 ) 2 = ( j 2 + k 2 )/R 2 , and notice that V 4 = V 5 = 0 for j = k = 0. From Eqs. (7) and (8) we see that the scalar fields do not interact with DM.
The equation of motion for the wave-function v
where
and for j = k in
At a first glance one might think that there are imaginary values for the normalization constants above, however the allowed values of x j and x k do not lead to complex numbers in Eqs. (13) and (14) . The 4-D gauge field is canonically normalized through the relations where
The solutions of Eq. (16), given in [103] , are reproduced in Fig. 1 , for different values of δ A . There are (2n + 1) quantized masses for each curve n, where n is each one of the dashed lines. Each mode is described by the segments in the dashed lines, thus there is one mode for n = 0, a massive zero-mode M 0,0 , while the second dashed line (n = 1) has three quantized masses M 0,1 , M 1,0 and M 1,1 , being the first two degenerate, etc. Notice that the masses M j,k and M k, j are degenerate. The whole continuous set of values (x j , x k ) in each segment represent only one mass state, being narrow the range of each state [103] .
Interactions
The couplings between the tower of (KK) mediators and DM is g D,( j,k) = g D N j,k /N 0,0 , where g D ≡ g 6D N 0,0 , g 6D is the 6-D dark gauge coupling and N 0,0 is the normalization of the lowest KK state ( j = k = 0). On the other hand, the interaction between the vector field and a generic zerothmode SM field φ , localized inside the fat brane, is given by the integral over the brane width 
where J µ is the SM current. We are interested in the interaction with conventional SM particles, thus the zeroth-mode of SM field in the 6D UED model is φ /(π 2 L 2 ), where (πL) −1 is the normalization constant. The 4-D gauge couplings between the SM fields and the KK mediators are defined as
which in turn yields
for j = k, while for j = k the result is
From Eqs. (19) and specially (20) we see that in the limit of small roots x j , since L R, g ED D,( j, j) ∼ g D N j, j 2N 0,0 , while in 5-D the coupling is reduced by a factor proportional to L/R [81] . This behavior does not occur here because there is no significant BLKT in the fat brane.
For illustrative purposes, we will consider four specific benchmark models (BM), whose assumed set of values for the compactification radius R and the width of the fat brane L are shown in Table 1 In Figs. 2-5 we plot the oscillatory behavior of the gauge coupling (19) , for different values of δ A and for the four BM in Table 1 . The coupling decreases as x j and x k increases, and although it maintains the same pattern for different values of δ A , the coupling is orders of magnitude smaller as δ A is increased. The difference between the four BM is similar to the one presented in [81] : all BM show the same oscillatory pattern, but BM II (IV) reproduce the exact plot in II (III) after ten times more roots x j , while decreasing the inverse of the compactification radius R makes the coupling smaller (compare BM II in Fig. 3 with III in Fig. 4 ).
Constraints from direct and indirect experiments
We now consider the interactions between the DM candidate (assumed here to be a complex scalar field for simplicity) with the SM, mediated by the KK tower of states. The couplings between the KK mediators and the DM is g D,( j,k) ≡ g D N j,k /N 0,0 , while inside the fat brane the coupling is g ED D,( j,k) as described in Eqs. (19) and (20) . The mass and couplings of the DM particle are constrained by both direct and indirect experiments. In order for the DM not to annihilate into a pair of mediator particles (avoiding the s-wave annihilation excluded by Planck results [108] ), DM should be lighter than the lightest mediator KK state. Thus the DM mass must be smaller than the lowest KK root x 0,0 /R, which lies in the range ∼ 0.4 − 0.5.
Assuming that the DM relic abundance is due to thermal freeze-out, the resulting final states from DM pair annihilation can be e + e − and µ + µ − , as well as three generations of nearly massless neutrinos, given the DM mass range of interest and only the final states that are charged under B − L. Note that the only accessible channels for BM II and IV are e + e − and neutrinos, because DM particle is lighter than muons. Considering the usual expansion of the thermally-averaged cross section (away from the resonance) in powers of the relative velocity of DM particles, v 2 , given by σ v ≈ a + bv 2 , we have the following coefficients for a vector mediator and a complex scalar DM: a = 0 and [109] 
where m f is the mass of the final states. The observed value of the DM relic density is obtained then through [109] Ω h 2 x f 1.07 × 10 9 GeV −1 g
where M Pl is the Planck mass and x f ≡ m DM /T f is the usual ratio between the DM mass and the temperature at the freezeout, which can be taken to be x f = 20. The effective number of degrees of freedom for the range of DM masses of interest here (40 − 700 MeV) is g * 10.75, since the temperature at the freeze-out is ∼ 2−40 MeV. The value of the coupling g D which gives the observed relic density ( Ω h 2 = 0.12 [108] ) is shown in Table 2 , for the different BM analysed. The lightest KK mediator mass is also presented along with the value for the DM mass. Smaller values of m DM increase the value of g D needed to obtain the observed DM relic abundance, while a slightly heavier DM particle can be considered (provided that m DM < M 0,0 remains valid), although the results are practically unchanged. Fig. 2 Gauge KK couplings as a function of x j with x k fixed at around x k ∼ 1.5 (left) and x k ∼ 10 3 (right), for g D = 1, δ A = 1 (first row), δ A = 10 (second row) and δ A = 100 (third row), for the BM I.
Since DM masses here are relatively light and the corresponding recoil energies in direct detection is small, DM scattering off electrons provides greater sensitivity [66] . In our case the scattering cross section then becomes [109] [110] [111] 
where a form factor of unity has been assumed and the reduced mass µ = m e m DM /(m e + m DM ) ∼ m e , since m 2 DM m 2 e . The resulting scattering cross section has been constrained using the results from XENON10 [112] , XENON100 [113] , DarkSide-50 [114] and SENSEI [115] and the correspond-ing values of the elastic scattering cross sections for the four different BM are also shown in Table 2 .
As we can see from Table 2 , the mass of the lightest KK state increases as δ A decreases, while the coupling g D needed to satisfy the DM relic abundance is roughly the same for the three different values of δ A and for all BM (the 6-D coupling changes from one BM to another, but since it is multiplied by the respective normalization constant of the lowest KK state, the final result g D is roughly the same for all BM). The scattering cross sections are different only a few orders of magnitude, and none of them are ruled out by current experimental results [112] [113] [114] [115] . Fig. 3 Gauge KK couplings as a function of x j with x k fixed at around x k ∼ 1.5 (left) and x k ∼ 10 4 (right), for g D = 1, δ A = 1 (first row), δ A = 10 (second row) and δ A = 100 (third row), for the BM II.
Conclusions
In this paper we have investigated the role of an abelian gauge field as mediator of the interaction between a DM candidate and the SM, in a model with two ED compactified on the chiral square. DM is localized in one thin brane at the conical singularity (0, 0), while a fat brane is lying between (πr, πr) and (πR, πR). SM is confined in the fat brane and its fields propagate in the ED similarly to UED models, but the vector mediator interacts with the visible sector only though B − L charged particles.
BLKT is present only in the thin brane because the BC do not allow them in the thick brane [103] . Notice that we did not need to introduce a kinetic-mixing term and the relative smallness of the coupling can be explained if a BLKT in the fat brane is very small and can be neglected. Due to BC the U(1) symmetry is broken without demanding any Higgs mechanism in the bulk, and the resulting roots that determine the masses of the KK states depend only upon the BLKT parameter δ A . The effective coupling between the mediator and the SM particles, due to the fat brane, has a similar behavior as in previous results [81] , depending upon the 6-D compactification radius R and the SM brane thickness L, although it is not as suppressed as in the 5-D case. Fig. 4 Gauge KK couplings as a function of x j with x k fixed at around x k ∼ 1.5 (left) and x k ∼ 10 4 (right), for g D = 1, δ A = 1 (first row), δ A = 10 (second row) and δ A = 100 (third row), for the BM III. in two ED, where for the latter the compactification radius L is constrained through the missing energy from the cascade decay of SM KK particles. Moreover, the main final states of the lightest mediator decay are missing energy or charged leptons, while for the KK mediator modes, twice or more as heavy as DM, the resulting cascade decay gives a missing energy signature as well. Table 2 DM mass m DM , lightest vector mediator mass M 0,0 and 4-D dark coupling g D needed to obtain the observed DM relic density, with δ A = 10 −1 , 1 or 10. In the last row is presented the cross section for the scattering off of an electron by a DM particle, using the same gauge coupling that satisfies the DM relic abundance.
